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Abstract

Asymmetric fixed-effects models are increasingly used in sociological research to test whether an effect
reverses when a time-varying predictor changes direction. Because these models rely on within-person
change, directional asymmetry is often interpreted as evidence of within-person irreversibility. This
study shows that this interpretation requires an additional cross-person homogeneity assumption. I
reparameterize Allison’s (2019) cumulative asymmetric fixed-effects model exactly as a model of current
state and total movement, revealing that the specification pools current-state responses across individuals.
When those responses are heterogeneous and systematically related to who moves upward versus downward,
pooled asymmetry can arise even when every individual’s response is perfectly reversible. I derive this
mover-composition result and characterize what remains identifiable when individual state responses are
unrestricted. A common path response—the additional response associated with accumulated movement
conditional on current state—can then be identified only from within-person bidirectional movement,
provided that the resulting variation is not absorbed by period effects. Monte Carlo simulations and a
reanalysis of Allison’s wage example illustrate the resulting assumption—support—precision trade-off and
show that relevant support depends on the structure of observed trajectories, not simply on the number of

directional transitions.
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1. Introduction

Many sociological arguments involve claims about whether social processes are reversible (Lieberson 1985).
A spell of unemployment may leave a wage scar after reemployment (Gangl 2006); incarceration may alter
later earnings even after release (Western 2002); and cumulative-advantage processes may leave residues that
current status alone cannot summarize (DiPrete and Eirich 2006). In each case, a movement into a state and
a later movement out of it need not retrace the same outcome path. Asymmetric panel models are attractive
because they let researchers ask whether increases and decreases in a time-varying predictor have equal and
opposite consequences.

In sociology, York and Light (2017) proposed a general strategy for estimating directional asymmetry,
and Allison (2019) developed the approach for short panels, generalized linear models, and multiperiod
settings. Related positive/negative partial-sum decompositions appear in energy-demand and nonlinear
time-series models (Gately and Huntington 2002; Shin et al. 2014). Applications are rapidly increasing in
sociology and other disciplines, now spanning environmental sociology (Clement and York 2017; Huang and
Jorgenson 2018; York 2012), social roles and mental health (Mize and Kincaid 2025), spousal caregiving
(Uccheddu et al. 2019), health and fertility expectations (Lazzari and Beaujouan 2025), procedural justice
and legitimacy (Thompson and Pickett 2021), and psychotherapy processes (Sun et al. 2021). In these
applications, the directional contrast is often interpreted substantively as evidence about whether a process
fully reverses when the predictor changes direction.

Fixed-effects (FE) estimation seems especially well suited to this task. FE transformations remove
stable unit-specific differences in outcome levels and evaluate changes in the predictor within the same unit
(Allison 2009; Firebaugh et al. 2013; Halaby 2004). It is therefore tempting to reason that if increases and
decreases are both estimated from within-person change, their difference is itself a within-person comparison
of what happens when a process runs forward versus backward.

This study shows that the last step need not follow. The change underlying each directional coefficient
can be within-person even when the contrast between the directional coefficients is supplied by different
people. If individuals differ in how strongly their outcomes respond to the current state of the predictor,
and those response functions differ systematically between people observed moving upward and people
observed moving downward, a pooled asymmetric FE model can report directional asymmetry even when
every individual’s response is perfectly reversible. Therefore, fixed effects remove stable heterogeneity in
outcome levels; they do not, by themselves, remove stable heterogeneity in response slopes.

To make this issue visible, I first rewrite Allison’s cumulative asymmetric model using an exactly



equivalent parameterization. Cumulative positive and negative changes encode two quantities: their difference
is net change from baseline, or the predictor’s endpoint relative to where it began, whereas their sum is
total movement, the cumulative amount of movement in either direction. Allison’s model can therefore be
expressed in terms of current state and accumulated movement. Under this representation, the usual symmetry
restriction implies that total movement has no additional association with the outcome conditional on current
state. Directional asymmetry is thus a limited form of history dependence: trajectories reaching the same
state can imply different outcomes if they accumulated different amounts of movement along the way.

The reparameterization also makes visible what must be pooled across people. The pooled asymmetric
FE specification constrains the current-state response to be common across individuals who contribute upward
and downward movements. That restriction may be reasonable and, when correct, lets the pooled estimator
use individuals who move in only one direction. But it becomes consequential when the claim concerns
individual-level reversibility. If current-state responses differ systematically between upward and downward
movers, the pooled path response combines genuine path dependence with mover composition. In a two-wave
binary panel, the latter equals half the difference between the groups’ average current-state responses, so the
pooled path response can be nonzero even when every individual’s path response is zero. This raises a natural
identification question: what remains identifiable if this cross-person restriction is relaxed?

I address this question by allowing each individual to have an unrestricted stable current-state response
and asking what variation remains to identify a common path response. Once individual state responses are
absorbed, individuals who move only upward or only downward cannot separate the state response from the
path response because signed and absolute change are perfectly collinear. The needed separation comes from
individuals observed moving in both directions. The clearest case is a person who moves away from an initial
state and later returns to it: the same person’s state response operates with opposite signs across the two
movements and can cancel, leaving variation that distinguishes a common path response. With two waves,
no individual can move in both directions, so this separation is impossible without reimposing cross-person
comparability.

The study makes three contributions. First, it identifies an estimand problem in pooled asymmetric
FE models. The exactly equivalent state—path representation shows that heterogeneous current-state responses
can generate pooled directional asymmetry even when every individual’s response is fully reversible. Second,
it characterizes identification after relaxing the common-state-response restriction. With stable individual
differences in state response left unrestricted, a common path response requires within-person movement in
both directions, together with a global rank condition requiring that the resulting variation survive adjustment

for period effects. Third, it translates these results into an applied assumption—support—precision trade-off.



The pooled estimator is a parsimonious baseline when common state responses are credible and can be
more precise when bidirectional support is sparse; the heterogeneous-state-response specification provides a
sensitivity or primary analysis when cross-person comparability is doubtful. Monte Carlo simulations and a
reanalysis of Allison’s (2019) wage example show how these choices interact with the trajectory structure
observed in practice.

The remainder of the study proceeds as follows. Section 2 develops the state—path representation
of asymmetric FE models. Section 3 shows how heterogeneous state responses can generate apparent
irreversibility. Section 4 derives the bidirectional-support result and the heterogeneous-state-response
estimator. Section 5 translates the theory into a practical workflow for applied researchers and clarifies the
scope of causal interpretation. Sections 6 and 7 provide Monte Carlo and empirical illustrations. Section 8

concludes.

2. Asymmetric Fixed Effects as a Model of State and Path

Asymmetric models allow the effect of a change in a predictor to depend on its direction, an idea appearing in
sociological discussions of irreversibility (Lieberson 1985), economic models of “imperfect reversibility”
(Gately and Huntington 2002), and nonlinear time-series models based on positive and negative partial sums
(Shin et al. 2014). York and Light (2017) adapted this logic to sociological panel models, Allison (2019)
developed a cumulative asymmetric FE specification for multiperiod data, and Arita (2022) relaxed the same
restriction in a first-difference framework. I begin with Allison’s formulation and show that it admits an
exactly equivalent representation in terms of current state and total movement.

Consider individualsi = 1, ..., N observed at waves r = 1, ..., T;, with outcome Y;; and time-varying
predictor X;;. Write AY;; = Y —Y; ;-1 and AX;; = X;; — Xi,—1. With two waves, Allison’s asymmetric
first-difference model is

AY; = 6+ BLAXT + B_AXT +u;, (D

where

AX; = max(AX;,0), AX; = max(-AX;,0).

In Equation (1), B, is the outcome change associated with a one-unit increase in X, while S_ is the outcome
change associated with a one-unit decrease; ¢ is a common intercept absorbing the period effect, and u; is an

idiosyncratic error. Directional symmetry is

Hy: Bs=—B-. @)



For more than two observations, Allison proposes a cumulative specification. Define cumulative

positive and negative movement by

t t
ZH= Y AXE Zp= ) AX
s=2 s=2

with the empty-sum convention Z, = Z7 = 0. The model is
Yir=a; + 4 +,3+Z; +B-Z; + €ir, 3)

where a; and A, are unit and period effects. For binary X, Z* counts entries into the state and Z_ counts exits;
for continuous X, they accumulate the magnitudes of positive and negative movements. Past movements

therefore remain encoded in the outcome through the cumulative sums.

2.1. An exact state—path representation

The cumulative positive and negative movements can be reexpressed as two alternative summaries of the
same exposure history. Define net displacement as

D, =Z-Z

it — “it

and total movement as
t

Vie = Zj + Zp = ) |AXis.

s=2
Thus V;1 = 0 under the same empty-sum convention.
By telescoping,
Di; = Xir — Xin.
It follows that
Vie + Diy - _Vu-Dy
Z = — Z;, = —

Substituting these expressions into Equation (3) and absorbing the time-invariant term involving X;

into the unit effect (so that @ = a; — 60X;1) gives

Yy = a/;‘ + A + 00X + PV + €4, 4



where

(&)

with inverse mapping

Be=0+¢,  B_=—-0+0.

Section A of the Online Supplement gives the algebra in full. The directional and state—path formulations are
exactly equivalent: they generate the same fitted values and likelihood and differ only in parameterization.
Separate responses to positive and negative movement may suggest a different sociological process from
a current-state response plus cumulative path dependence, but within this specification the data cannot
distinguish these interpretations.

The state—path representation makes the substantive content of the cumulative model more transparent.
Net displacement records where X stands relative to its starting value, whereas V;; records how much movement
occurred along the way. For a binary predictor, for example, the histories (0,0, 0) and (0, 1,0) have the
same starting and ending states but total movement of zero and two, respectively. Equation (4) therefore
assigns them an exposure-history difference of 2¢. In a marital-status application with log wages as the
outcome, 6 captures the association with current marital status, while ¢ captures the additional association
with accumulated marital transitions conditional on current status.

This representation also clarifies the symmetry restriction in Equation (2):

Br=-p- & ¢=0.

Within the maintained cumulative specification, directional symmetry is therefore equivalent to a zero path
response, ¢ = 0. I refer to ¢ throughout as the path response. A nonzero path response represents a restricted
form of path dependence within the state—total-movement model: histories reaching the same current state
may differ in expected outcomes because they accumulated different amounts of total movement. The model
cannot distinguish histories that differ in timing, duration, ordering, or other features while producing the
same endpoint and total movement.

The value of the state—path representation for the present analysis is diagnostic. It separates the
current-state response, 6, from the path response, ¢, and thereby makes explicit that the pooled asymmetric
FE model imposes a common 6 across individuals. The next question is what happens when that restriction is
relaxed: can the path response still be distinguished from heterogeneous individual responses to the current

state? The next section shows that the answer depends on who supplies the upward and downward movements



observed in the panel.

3. Why Pooled Asymmetry Need Not Be Individual-Level Asymmetry

Equation (4) absorbs arbitrary stable differences in outcome levels through a; but imposes a common
current-state response 6. To see what the pooled asymmetric FE estimator represents when this restriction

fails, allow both the state and path responses to vary across individuals:
Yie =i + At + 0; Xy + ¢iVir + €. (6)

This formulation lets us decompose the pooled directional contrast into two components: variation attributable
to individual path responses and variation arising from heterogeneity in current-state responses. When the
individuals supplying upward movements have systematically different 8; from those supplying downward
movements, the latter component can generate pooled asymmetry even if ¢; = 0 for every individual. In other

words, the pooled model may indicate irreversibility even when each individual’s response is fully reversible.'

3.1. The two-wave binary case

The estimand problem is easiest to see with a binary predictor and two waves. Let X € {0, 1}, and define
G =1 for an upward mover (0 — 1), G; = 1 for a downward mover (1 — 0), and G? = 1 for a stayer. First
differencing Equation (6) yields

AY; =6 + 0;AX; + ¢;|AX;| + u;.

The three possible transition types therefore satisfy

0—-1: AY;=6+06;+¢; +u;,
1->0: AY;=06-6;+¢; +u;,

stayer :  AY; =6 + u;.

Under E(u; | G}, G;, G?) = 0, aregression with an intercept and separate indicators for upward and
downward movement is saturated across the three transition categories. Its population directional coefficients
are therefore

Bi=Ei+¢:1Gf =1), B-=E(-6i+¢;|G; =1).

IThis issue is related to, but distinct from, the slope-heterogeneity problem studied by Thombs et al. (2022). They examine the
behavior of pooled FE estimators under heterogeneous slopes in large-N, large-T dynamic panels and motivate heterogeneous-panel
estimators. The concern here is instead with what the pooled directional contrast represents when opposite directions are supplied by
individuals with different current-state responses, including in short panels where individual directional effects cannot be estimated.



Applying the transformation in Equation (5) gives

. Bi+ B
Droct =~ )
E(¢i |G =1)+E(¢: |G =1) E(6;|Gf=1)-E(6;|G; =1)
- + : ®)
2 2
direction-specific path component mover-composition term

Equation (8) shows that the pooled path response contains not only the average path responses among
upward and downward movers, but also any difference in current-state responses between the two groups.
Consequently, pooled directional asymmetry need not reflect individual-level path dependence.

The implication is sharpest under universal individual-level reversibility. Suppose
¢ =0 for every i.

Each individual’s response is then exactly reversible: an upward change has response §;+ = 6;, while an equal

downward change has response B;— = —8;. Nevertheless,

. E0:1G/=1)-E@; |G, =1)
¢pool = 2 . (9)

Equation (9) shows that universal individual-level symmetry is fully compatible with pooled directional
asymmetry whenever upward and downward movers differ in their average current-state responses.

A simple example illustrates the distinction. Suppose X indicates marriage and Y is log wages.
Among people observed entering marriage, let the average marriage response be .04; among those observed
leaving marriage, let it be 0.02. Suppose further that ¢; = 0 for everyone, so each person’s wage response
is perfectly reversible: entering marriage adds that individual’s marriage premium, and leaving marriage
removes exactly the same amount. The pooled directional coefficients are nevertheless 8 = 0.04, 8* = -0.02,

which imply ¢;ool = 0.01. Under the state—path interpretation, a marriage—divorce sequence would therefore

*

be assigned a log-wage residue of 2¢p001

= 0.02, or approximately 2 percent. Yet no individual in the
data-generating process has any such residue. It arises entirely because the upward coefficient averages the
responses of one group of people and the downward coefficient averages the responses of another.

Fixed effects do not remove this source of heterogeneity. If the true reversible model is

Yir =a; + A + 0, Xi; + €1,



then first differencing removes the unit-specific level ¢; but leaves

AYiI = 61‘ + giAXil‘ + Afiz,

where 0, = A, — A, is the differenced period effect. FE estimation therefore eliminates stable heterogeneity
in outcome levels, not stable heterogeneity in responses to X. Thus, each directional coefficient may be
estimated from within-person change even though the contrast between them need not compare opposite
movements within the same person’s response ﬁmction.2

With longer panels, the same logic extends beyond simple averages. The pooled coefficient becomes
a design-weighted projection in which the direction, magnitude, frequency, and timing of each individual’s
movements determine how heterogeneous 6; and ¢; enter the estimand. Section B of the Online Supplement
gives the general multiperiod expression. For the argument here, the implication is unchanged: observing

upward and downward movements somewhere in the panel does not ensure that their contrast compares

opposite movements within the same individual response function.

4. Identifying a Common Path Response without a Common State Response

The previous section showed that pooled directional asymmetry can reflect differences in current-state
responses between the people supplying upward and downward movements. This raises a natural identification
question: what can identify a common path response if individuals are allowed to have different stable
current-state responses?

To answer this question, consider a specification that leaves each individual’s stable state response

unrestricted while retaining a common path response:

Yii=a; + 4 + 0, Xjs + ¢Vir + €. (10)

Here the 6; are unrestricted nuisance parameters, while ¢ retains the same interpretation as in the state—path
representation: it captures the association with accumulated movement conditional on current state. Relative
to the pooled asymmetric model, Equation (10) relaxes the cross-person restriction on state responses while
continuing to pool the path response across individuals. This removes the mover-composition term identified

in Section 3, but it necessarily demands stronger within-person support for ¢. I refer to Equation (10) as the

2An analogous composition issue appears in the econometric literature on two-way fixed-effects models with heterogeneous treatment
effects. In that setting, pooled estimators may combine the effects of units entering and leaving treatment with nonconvex weights
(de Chaisemartin and D’Haultfceuille 2020). The present problem differs in that rather than asking whether a pooled coefficient
recovers a meaningful average causal effect, I ask whether asymmetry between directional coefficients can be interpreted as evidence
that the same response process is irreversible.



heterogeneous-state-response (HSR) specification.

First differencing yields
AYjr = 0r + 0;AXir + $|AXr| + iy, (1D

where 6; = A; —A;_1, as before, and u;; = €;; — €; ;1. Because V;; cumulates absolute changes, AV;; = |AX;;|,
so the first-difference path regressor is absolute change. The identification problem is now transparent. Signed
change, AX;;, is allowed to have an individual-specific coeflicient, so absolute change, |AX;;|, can identify ¢
only to the extent that it contains variation not already explained by individual-specific signed change and

period effects. The remainder of this section characterizes when such residual variation exists.

4.1. Bidirectional support

To isolate the within-person support condition, first suppose that common period effects have been partialled

out. For individual i, stack the 7; — 1 observed changes as
d; = (AXp, ..., AXiT), a; = (|AXpl, ..., 1AXi1,]) .

The vector d; records signed changes, while a; records absolute changes. For any symmetric positive-definite

weighting matrix W; and any individual with d; # 0, define the weighted residual-maker
MY =1 —d;(dW;d))”" d;W;,
and the residual variation in absolute change
wi(Wi) = ajW; M} a.

For individuals with no change in X, set w;(W;) = 0. Thus w;(W;) is the residual variation in absolute

movement after removing the individual’s signed movement.

Proposition 1 (Weighting-invariant bidirectional support). For any symmetric positive-definite W;, w;(W;) > 0
if and only if individual i experiences at least one positive and at least one negative nonzero change in X over

the observed panel.

Section C of the Online Supplement gives the proof. The intuition follows from a; = |d;| elementwise.
If all nonzero changes are upward, a; = d;; if all are downward, a; = —d;. Absolute and signed change are

then perfectly proportional and the unrestricted 6; absorbs the path regressor. Movement in both directions
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Figure 1: Cross-person directional contrast and within-person reversal

breaks this proportionality, regardless of the positive-definite weighting scheme.
The binary reversal 0 — 1 — 0 gives the clearest illustration. Under Equation (10), the upward and

downward transition responses for the same individual are 6; + ¢ and —6; + ¢. Summing them gives

(6; +¢) + (=0; + ) = 29,

so the individual’s stable state response cancels. If the opposite directions instead come from different

individuals i and j, their combined response is

(0;i + @)+ (=0; +¢) =2¢ + (0; — 0;),

and the cross-person difference in state responses remains. Bidirectional movement within the same individual
is what removes this mover-composition term. Figure 1 illustrates the distinction.

Under identity weighting, the amount of such within-person support has a simple closed form. Define

St= ), (AX)h ST = L (AXa)
t:AX;; >0 t:AX; <0
For ST + 857 > 0,

wi(l) = ———. (12)

Section C of the Online Supplement gives the derivation. The measure is zero when either direction is absent
and increases as squared movement accumulates in both directions. For binary X, S} and S reduce to the
numbers of entries and exits, respectively. Thus the relevant support depends not simply on how often X
changes, but on how much movement in both directions occurs within the same individual.

An exact return to the starting point is sufficient but not necessary. With a continuous predictor,

for example, the trajectory 0 — 3 — 1 contains signed changes (3, —2) and absolute changes (3, 2). These

10



vectors are not proportional, so total movement contains variation beyond the individual’s signed changes
even though the endpoint differs from the starting value. The identifying requirement is therefore bidirectional

movement, not a completed return to baseline.

4.2. Two waves cannot provide within-person directional comparison

Proposition 1 yields an immediate implication for two-wave asymmetric FE designs. With only one observed
change per individual, no person can contribute movement in both directions. For a mover, |AX;| is therefore
perfectly proportional to AX;; for a stayer, both are zero. The pooled asymmetric FE model can nevertheless
estimate separate upward and downward coefficients because it combines changes from different mover
populations under a common state-response parameter. Once 6; is left unrestricted, that cross-person
pooling can no longer separate state response from path response. A two-wave panel can therefore show
that upward and downward movers experience different average outcome changes, but without additional
response-homogeneity assumptions it cannot determine whether the same individual’s response would differ

when the direction of change is reversed.

4.3. Global rank and estimation

Within-person bidirectional support is necessary but not sufficient for identification in the full model. Common
period effects may absorb the absolute-change variation that remains after individual-specific state responses
are removed. Stack Equation (11) as

y=Dd+7Z6 + ¢a +u,

where D contains period-difference indicators, Z contains the individual-specific signed-change regressors,
and a stacks |AXj¢|. Let A = [D, Z], and let MXV denote the weighted residual-maker for the nuisance space

spanned by A. Under any positive-definite weighting matrix W, ¢ is identified if and only if
aWMYa>0. (13)

Bidirectional movement is therefore necessary but not sufficient in the full model: the residual absolute-change
variation generated within individuals must also survive the common-period projection. If everyone follows
the same 0 — 1 — O trajectory at the same dates, for example, absolute change is period-specific and is
absorbed by the period effects; staggered reversals or reversers observed alongside stayers can preserve
the required variation. Individuals without bidirectional histories may affect this global projection through
common nuisance parameters, but they do not themselves supply direct within-person separation of signed

and absolute movement. Section C of the Online Supplement gives additional rank examples.
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Estimation follows directly from Equation (10). In levels, the HSR specification includes unit and
period effects, individual-specific slopes on X;;, and a common coefficient on V;;. Equivalently, Frisch—
Waugh—Lovell partialling (Frisch and Waugh 1933; Lovell 1963) residualizes the outcome and V;; against
the full nuisance space before estimating ¢; existing varying-slope fixed-effects methods can implement this
directly (Riittenauer and Ludwig 2023).

The pooled and HSR specifications therefore embody an assumption—support—precision trade-off.
The pooled estimator assumes a common state response and can use unidirectional movers, which may
improve precision when bidirectional support is sparse. HSR removes that cross-person comparability
restriction but learns ¢ from the residual variation that remains after individual state responses are absorbed.

Precision can consequently deteriorate when that variation is limited or concentrated.

5. A Practical Workflow for Assessing Reversibility

The identification results clarify what researchers should establish before interpreting pooled directional
asymmetry as evidence about individual-level reversibility. Observing both directions somewhere in the
sample is sufficient only under a cross-person comparability restriction on current-state responses. Once that
restriction is relaxed, the relevant questions are who supplies those directions and whether residual identifying
variation survives the nuisance structure of the intended model.

For a binary predictor, a basic support audit should classify individuals into four groups: no transition,
entry only, exit only, and both entry and exit. Only the last group supplies direct within-person bidirectional
movement capable of separating a common path response from unrestricted stable state-response heterogeneity.
Researchers should report the number of such individuals and the timing and frequency of their transitions.
For a continuous predictor, S, S, and Equation (12) quantify the same support, while Equation (13) indicates
whether it survives adjustment for period effects. For discrete predictors, researchers should also inspect
whether a small number of apparent reversals could plausibly reflect measurement error.

A practical analysis can then proceed in three stages. First, estimate the pooled asymmetric FE
model and translate its directional coefficients into the equivalent state—path parameters (6, ¢). Second, audit
bidirectional and global support to determine whether the common-state-response restriction can be relaxed in
the observed panel. Third, when meaningful residual support remains, estimate Equation (10) as a sensitivity
analysis, or as the primary specification when a common current-state response is substantively difficult to
defend. Differences between gﬁpool and the HSR estimate can be informative about mover composition, but
similarity is evidence of robustness only when the HSR estimate is itself sufficiently precise.

Formal identification need not imply informative estimation. When bidirectional support is sparse, ¢

12



may be identified from a small or highly concentrated set of trajectories. Researchers should therefore report
the amount and concentration of residual support alongside the HSR estimate. If little or no global support
remains, the appropriate conclusion is not that path dependence is absent, but that the observed panel cannot

distinguish a common path response from unrestricted stable heterogeneity in current-state responses.

5.1. Statistical identification versus causal interpretation

These results concern parameterization, projection, and statistical identification within the maintained
state—total-movement model. A causal interpretation of ¢ requires additional assumptions about longitudinal
exposure histories, including well-defined interventions and appropriate consistency, interference, and
exogeneity conditions (Herndn and Robins 2020; Morgan and Winship 2015). Neither fixed effects nor
bidirectional support resolves time-varying confounding, anticipation, endogenous transition timing, or
treatment—confounder feedback (Allison 2009; Imai and Kim 2019); nor does bidirectionality by itself make
the histories supplying identification representative of a target population. If path responses themselves vary
across individuals, the estimand is generally weighted toward trajectories supplying residual bidirectional
variation rather than an unconditional population-average path response. Section D of the Online Supplement

develops the corresponding potential-outcome formulation and heterogeneous-¢; extension.

6. Monte Carlo Evidence

The simulations address two questions. First, can the pooled asymmetric estimator increasingly reject
symmetry as sample size grows even when every individual’s response is reversible? Second, when a genuine
common path response exists, can relaxing the common-state-response restriction recover that effect, and how
does bidirectional support affect precision? Full data-generating processes, analytic population targets, and
numerical results appear in Sections B and E of the Online Supplement and the replication archive.

The main experiments use balanced six-wave panels with a binary predictor and outcomes generated
from

Yir =a; + A4 + 0, Xis + ¢Vir + €1,

where a; ~ N(0,1), €;; ~ N(0,0.5%), and period effects increase linearly from zero to 0.1. Individuals
follow one of six trajectories: always 0, always 1, upward only, downward only, upward then downward, or
downward then upward. If g denotes the share assigned to the two bidirectional trajectories, 20 percent of
the sample is stable, ¢gp is divided equally between the two bidirectional trajectories, and the remainder is
divided equally between upward-only and downward-only movers. The pooled estimator imposes a common

current-state response; HSR absorbs an individual-specific current-state response while retaining a common

13



path response. The Online Supplement gives the complete estimation and inference details and derives the

exact pooled population targets for this trajectory mixture.

6.1. More data can strengthen spurious asymmetry

The first experiment sets the true path response to zero, ¢ = 0, while introducing moderate mover composition.
Upward-only movers have mean 6; = 1.625, downward-only movers have mean 6; = 1.375, and 10 percent of
individuals follow bidirectional trajectories. The exact population projection implies a pseudo-true pooled
path response of 0.055 even though ¢; = O for every individual.

As sample size increases, the pooled estimator becomes more precise around this nonzero target.
Figure 2 shows that rejection of Hy : ¢ = 0 at 0.05 levels rises from 17.4 percent at N = 250 to 56.6 percent
at N = 1,000, 93.0 percent at N = 2,500, and 99.7 percent at N = 5,000. By contrast, HSR remains centered
near zero, with rejection rates at or below the nominal level. Complete results appear in Table S2 of the
Online Supplement.

The result distinguishes an estimand problem from sampling uncertainty. Increasing N does not move
the pooled coefficient toward zero because it is not its probability limit under mover composition; instead,

more observations tighten the sampling distribution around the nonzero population projection. Larger samples
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Figure 2: Rejection of Hy : ¢ = 0 under universal individual-level reversibility
Note: The horizontal axis reports the number of individuals N on a logarithmic scale, and the vertical axis reports the
proportion of Monte Carlo replications rejecting Hy : ¢ = 0 at the .05 level. The solid series is the pooled estimator and
the dashed series is the heterogeneous-state-response estimator. The true path response is ¢ = 0, upward-only movers have
mean 6; = 1.625, downward-only movers have mean 6; = 1.375, and g = 0.1. Each sample-size cell contains 1,000
Monte Carlo replications. Tests use individual-clustered covariance estimates with #5_ critical values. The horizontal
dotted line marks the nominal 0.05 rejection rate.
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can therefore strengthen confidence in an incorrect individual-level interpretation of pooled asymmetry.

6.2. Relaxing state-response homogeneity: recovery and precision

The second experiment introduces a genuine common path response and increases the mean-state-response
difference between upward-only and downward-only movers to one unit. With 10 percent bidirectional
histories, the pooled population target is ¢ + 0.222. Monte Carlo means closely track this displacement,
whereas HSR tracks the true path response: its means are 0.000, 0.251, 0.499, and 0.751 when the true
values are 0, 0.25, 0.50, and 0.75, with 95 percent interval coverage between 0.943 and 0.952. The common
displacement is the analytically implied mover-composition term for this trajectory design; Section B of the
Online Supplement gives the closed-form calculation.

Panel A of Figure 3 illustrates this recovery. Panel B varies bidirectional support while holding
¢ = 0.50. HSR remains approximately unbiased as gp increases from 1 percent to 40 percent, while its
empirical standard deviation falls from 0.085 to 0.020. At 1 percent support—roughly ten bidirectional
respondents in samples of 1,000—cluster-robust intervals undercover despite formal rank identification; from
2.5 percent onward, coverage is within Monte Carlo noise of the nominal level. Thus relaxing state-response
homogeneity removes mover composition when the common-¢ model is correct, but inference becomes
fragile when the bidirectional variation identifying ¢ is sparse. Complete results appear in Tables S3—S4.

The other side of the trade-off appears when the common-state-response restriction is correct. As

A. Recovering genuine path dependence B. Precision and bidirectional support
1.0
—8— Pooled state-response [ ] L —e— Pooled state-response
.- Heterogeneous state-response ! - Heterogeneous state-response
45-degree line 0.08 4 1
\
0.8 |
° e 0.07 - 1
rd - |
<S i <SS \
2 06 - S 006 4
g -7 3 1
£ n” = [ ]
b7 E ©
8 * 7 g o054
c — B =
5 0.4 - - g \
2 s % 0.04 .
u” 'Y N
. rd \. N
0.2 < N
e 0.03 TSe-
g TSTTe
- S o——
0.0 -{.m” co2+4 T TT==== f
T T T T T T T T T
0.0 0.2 0.4 0.6 0.0 0.1 0.2 0.3 0.4

True path effect, @ Share with bidirectional histories

Figure 3: Recovery of path responses and precision under varying bidirectional support
Note: In Panel A, the horizontal axis is the true path response ¢ and the vertical axis is the Monte Carlo mean of (;5; the
dotted 45-degree line marks equality between the true and estimated path responses. The design uses N = 1,000, gp = .10,
a one-unit difference in mean 6; between upward-only and downward-only movers, and 1,000 replications per value of
¢. In Panel B, the horizontal axis is the bidirectional share gp and the vertical axis is the empirical standard deviation

of ¢ across 5,000 replications at each support level, with true ¢ = 0.50. Solid and dashed series denote the pooled and
heterogeneous-state-response estimators, respectively.
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Section E.5 of the Online Supplement shows, in that benchmark, both estimators remain centered on the
true path response, but HSR is substantially less precise when bidirectional support is sparse. At 1 percent
support, its empirical standard deviation is 2.74 times that of the pooled estimator, falling to 1.38 at 5
percent, 1.05 at 20 percent, and approximately one at 40 percent. Additional negative-control simulations
confirm that response heterogeneity alone does not create the pooled distortion when it is unrelated to
directional histories (see Section E.6 of the Online Supplement). Together, the experiments characterize
the assumption—support—precision trade-off: relaxing state-response homogeneity protects against mover
composition, but can be costly when the restriction is correct and the histories needed for within-person

separation are rare.

7. Empirical Illustration: Reanalyzing Allison’s (2019) Wage Example

Allison’s (2019) five-wave wage example provides a useful illustration because it contains many transitions in
both directions while allowing those transitions to be traced to individual respondents. The sample includes
1,134 respondents observed annually from 1983 through 1987, at ages 18 through 22. The outcome is logged
hourly wage, and the time-varying predictors are marital status, years of education, and urban residence. Its
original specification allows marriage and urban changes to have different coeflicients by direction, while
education—which only increases—enters with a single change coefficient. I reproduce that specification,
reexpress the asymmetric marriage and urban terms in state—path form, focus on the marital path response,
audit the trajectories supporting its identification, and then relax the common current-marriage response.
Section F of the Online Supplement gives the full replication, model equations, support diagnostics, sensitivity
analyses, and implementation details.

Let M;; denote marital status, U;; urban residence, and E;; years of education, and let Vﬁ” and Vft/
denote total movement in marriage and urban residence. The focal heterogeneous-state-response specification
is

Yi = @i + A + 0ipg My + oV + 0uUiy + gy VY + yEi + €, (14)

where Y;; is log hourly wage. Equation (14) allows the current-marriage response ;37 to vary across
individuals, while the current urban-residence response 6y remains common. The corresponding pooled
state—path model imposes the additional restriction 8;3; = 63, for all individuals. Education enters with a
common coefficient because it changes only upward in these data, and the marital and urban path responses
remain common in both specifications. All models use the same 1,134 respondents and include individual and
period effects. The focal parameter reported below is the marital path response ¢s. A stronger sensitivity

specification that also allows the current urban-residence response to vary across individuals replaces 8y with
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Table 1: Directional support and path estimates in Allison’s (2019) wage example

Count / Estimate SE 95% CI
Panel A: Marital-status trajectory support
No transition 763 - -
Entry only 258 - -
Exit only 52 - -
Both directions 61 - -
Panel B: Marriage path estimates
Pooled state—path model -0.018 0.025 [-0.066,0.031]
HSR: marriage state response heterogeneous -0.026 0.034 [-0.092,0.040]

Note: The outcome is log hourly wage. The balanced sample contains 1,134 respondents observed annually from
1983 through 1987, at ages 18 through 22. All Panel B specifications use the same estimation sample and include
individual and period effects, a common education coefficient, and the remaining state—patAh terms corresponding
to Allison’s (2019) specification. Every estimate in Panel B is the marital path response ¢3;. The pooled model
imposes a common current-marriage response; HSR allows that response to vary by individual. Standard errors
are sandwich estimates clustered by respondent, and 95 percent confidence intervals use the same empirical
inference convention documented in Section F of the Online Supplement.
0,y and is reported in the Online Supplement.

The replication reproduces Allison’s published coefficients to rounding (see Table S5 in the Online
Supplement). Marriage entry is associated with a log-wage change of 0.032 (SE = 0.023), while marriage
exit is associated with a change of —0.067 (SE = 0.048). Applying Equation (5) gives Oy = 0.050 and
tlgpool = —0.018; direct estimation in state—path form produces identical fitted values.

The central question is where that directional information comes from. The sample contains 324
marriage entries and 117 exits, but these 441 transitions are distributed unevenly across respondents. As
Panel A of Table 1 shows, 763 individuals never change marital status, 258 enter but never exit, 52 exit but
never enter, and only 61 move in both directions. Those 61 respondents contribute 66 entries and 65 exits.

Once the common-state-response restriction is relaxed, this distribution matters directly. Entry-only
and exit-only respondents contribute to the pooled model because their changes are linked through a common
current-marriage response. With individual-specific marriage responses, however, a unidirectional marital
history cannot separately identify the current-state and path responses. Direct within-person separation is
therefore concentrated among the 61 respondents observed moving in both directions. Because the HSR
specification relies on this relatively small set of respondents, its precision—and, under heterogeneous path
responses, its implicit weighting—depends on those trajectories.

Panel B of Table 1 shows the corresponding path estimates. The pooled model gives (ﬁpool =-0.018
(SE = 0.025). Allowing the current-marriage response to vary by individual gives ¢ysg = —0.026 (SE =

0.034). The comparison therefore illustrates how the source of identifying information changes when the

common-state-response restriction is relaxed. In the pooled model, directional information is assembled
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across respondents under a common current-marriage response; in the HSR specification, separation of the
state and path responses relies much more heavily on respondents observed moving in both directions.
The empirical illustration also makes the support distinction concrete. The data contain hundreds of
marriage entries and exits, but only a much smaller number of respondents contribute both directions within
the same response function once cross-person comparability is relaxed. Thus, abundant directional transitions

need not imply abundant within-person information about reversibility.

8. Discussion

Asymmetric FE models combine two appealing features: they exploit within-person change while allowing
increases and decreases in a predictor to have different associations with the outcome. This study shows that
these features do not, by themselves, make the directional contrast a within-person comparison of reversibility.
The key distinction is between what the pooled asymmetric FE model parameterizes and what remains
identifiable once the people supplying opposite directions are not assumed to share the same current-state
response.

The state—total-movement representation answers the first question without changing the estimator.
Allison’s cumulative model is exactly equivalent to a model with a current-state response and a path response
associated with total movement. Under a common state response, ¢ captures whether accumulated movement
matters after current X is held fixed. When current-state responses vary across individuals, however, the
pooled path response can combine genuine path dependence with differences in the response functions of
the people supplying upward and downward movements. In the two-wave binary case, pooled directional
asymmetry can therefore arise even when ¢; = 0 for every individual.

The HSR specification addresses the second question by treating each individual’s stable current-state
response as an unrestricted nuisance parameter while retaining a common path response. Once those slopes
are absorbed, identification depends on trajectories containing movement in both directions: within-person
reversals can cancel the same stable state response, whereas cross-person directional contrasts retain differences
in state responses. More generally, absolute change contains residual within-person variation if and only if an
individual moves in both directions, while global identification additionally requires that this variation survive
adjustment for common period effects. With only two waves, that within-person directional separation is
unavailable without additional structure.

The pooled and HSR estimators therefore embody an assumption—support—precision trade-off. The

pooled model can use unidirectional movers under a common-state-response restriction, which can improve

3Sections E-F of the Online Supplement report the additional specification and design-matched inference checks.
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precision when bidirectional variation is sparse. HSR protects the path response from mover composition but
shifts identification toward richer within-person histories. The Monte Carlo results illustrate both sides: pooled
estimates can converge precisely to nonzero path responses under universal individual-level reversibility,
whereas HSR removes the composition term but becomes less precise as bidirectional support thins. The
reanalysis of Allison’s wage example shows how this distinction appears in practice. The data contain many
marital transitions in both directions, but a much smaller subset of respondents contributes both directions
within the same response function once the common-state-response restriction is relaxed. The example
therefore highlights the difference between abundant directional variation in the sample and the more specific
within-person variation required for HSR identification.

This argument complements broader work on slope heterogeneity in asymmetric panel models. Most
relevant here, Thombs et al. (2022) examine how slope heterogeneity and dynamic misspecification affect
estimates of directional asymmetry and motivate heterogeneous-panel approaches in large-N, large-T settings.
The present analysis focuses on a distinct problem that arises when directional asymmetry is interpreted as
evidence about individual-level reversibility: how heterogeneous state responses interact with the directional
histories supplying the pooled contrast. The resulting issue is therefore not slope heterogeneity alone, but
whether upward and downward movements are linked within comparable response functions.

The analysis also has clear boundaries. The path response considered here captures dependence on
total movement, not unrestricted history dependence: timing, duration, ordering, and decay may matter even
when endpoint and total movement are held fixed (Allison 2019). HSR allows stable heterogeneity in current-
state responses, not arbitrary time-varying response functions, and neither fixed effects nor bidirectional
support resolves time-varying confounding, anticipation, measurement error, endogenous transition timing,
or treatment—confounder feedback. Measurement error deserves particular caution because an isolated
misclassification can mechanically create apparent bidirectional support, so support audits should examine
whether the histories carrying the residual variation are substantively credible. Finally, if path responses
vary across individuals, the residualized estimator generally targets a support- and design-dependent average
rather than an unconditional population mean; Section D of the Online Supplement develops this extension.
The analysis is confined to linear additive panel models; extensions to generalized linear or other nonlinear
asymmetric fixed-effects models remain for future work.

Several extensions follow naturally. Richer history summaries could allow path responses to decay
or depend on timing and sequence. Partial pooling of individual state responses may provide a useful
intermediate specification when common slopes are implausible but bidirectional support is sparse. The same

support logic may also extend beyond linear cumulative models wherever positive and negative movements
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are pooled across individuals and interpreted as evidence about how the same response process behaves in
opposite directions.

The key distinction is that, in asymmetric FE models, “within-person” describes the source of the
changes used to estimate each directional coefficient; it does not by itself imply that the contrast between those
coeflicients compares opposite movements within the same person’s response function. When the substantive
claim concerns reversibility—whether a process retraces its consequences when its direction changes—the
relevant question is therefore not merely whether both directions appear in the sample, but whether the
observed trajectories connect those directions within comparable response functions. The trajectory structure

determines whether that distinction can be resolved from the data.
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ONLINE SUPPLEMENT
When Are Asymmetric Fixed-Effects Models Within-Person Tests of

Reversibility? Heterogeneous Responses and Bidirectional Support

This online supplement provides technical derivations, full numerical results, and implementation details for
claims developed in the main manuscript. Section A gives the exact state—path reparameterization. Section B
derives the general multiperiod pooled estimand and the analytic targets used in the Monte Carlo designs.
Section C proves the bidirectional-support result and develops the global rank condition with period effects.
Section D gives the potential-outcome interpretation and the extension to heterogeneous path responses.
Section E reports the Monte Carlo design and full numerical results underlying the main-text figures and
benchmarks. Section F documents the Allison wage replication, support diagnostics, sensitivity checks,
and HSR implementation. Notation follows the main text: Y;, is the outcome, X;; is the time-varying
predictor, A denotes adjacent-wave first differences, Z7 and Z;, are cumulative positive and negative changes,

Vii = Zi’; + Z;, is total movement, and a;, A;, and €;; denote unit, period, and idiosyncratic error components.



A. Exact State—Path Reparameterization

For any scalar increment AXj,, define
AX} = max(AX;,0), AX;, = max(—-AXj,0).

Then

AX;; = AX] - AX;,

it’

|AX;:| = AX + AX,.
Summing from s = 2 through # gives the cumulative quantities, with the empty-sum convention Z7| = Z, = 0:
1
Dy =7} - Z; = ) AXis = Xit = Xir
s=2
and
t
Zi+ Zi = ) |AXis| = Vi,
s=2
Thus V;1 = 0 under the same empty-sum convention. Consequently,

Vit + Dj; _ Vit = Dis

zp ="

Substituting into the cumulative asymmetric component yields

_ +B- - B-
,3+z;+ﬁ_zit:ﬂ+2ﬁ v,-+ﬁ+2'8 (Xir — Xi1)
= ¢V + 60X — 0Xi1,
where
9:/3+_,3— ¢:ﬁ++18—.

2 7 2

Because X;; is time invariant, —0X;; is absorbed into the unit fixed effect. The cumulative directional model

and the state—path model therefore have identical fitted values. The inverse transformation is

ﬂ+:0+¢9 ﬂ—:_6+¢‘



B. General Multiperiod Pooled Estimand under Heterogeneous Responses

The two-wave binary decomposition in the main manuscript has a direct multiperiod analogue. After any

common period components have been removed, write individual i’s transformed outcome vector as
’
yi = Qib; +u;, b =(6;,¢:)"

Here Q; contains the transformed current-state and total-movement regressors associated with individual i’s
realized trajectory, and u; is the corresponding transformed error vector.
Consider estimating a common coefficient vector b by minimizing the population weighted least-

squares criterion

E [(yi — Qib)'Wi(y; = Q;b)],

where W; is a symmetric positive-definite weighting matrix. Let b* denote the population minimizer of this
criterion, that is, the pooled population coefficient vector under the common-slope specification. Its first-order

condition is

E [Q:Wi(y; - Q:b")] =0,

or equivalently,

E(Q;W;Q)b" = E(Q;W;y;).
Substituting y; = Q;b; + u; gives

E(Q;W;Q)b" = E(Q;W;Q;b;) + E(Q;W;u;).

Under the orthogonality condition

E(Q;Wu;) =0,
and provided that E(Q;W;Q;) is nonsingular,
b* = [E(Q;WiQ)] " E(Q;WiQiby). (1)

Equation (1) shows that the pooled coefficients are generally design-weighted projections rather than

simple population averages of (6;, ¢;). To make this distinction explicit, define

H; = Q;W;Q;.



If H; is mean-independent of b;, so that
E(H;b;) = E(H;)E(b;),

then Equation (1) reduces to

b* = E(b;).

In general, however, this factorization need not hold. The matrix H; depends on the direction, magnitude,
timing, and frequency of each individual’s movements. When these trajectory features are associated with
response heterogeneity, individuals with different response parameters contribute differently to the pooled
estimand. The realized movement process therefore determines how heterogeneous state and path responses

enter the common pooled coefficients.

B.1. Analytic population targets for the Monte Carlo designs

To obtain analytic benchmarks for the Monte Carlo experiments in Section E, this subsection specializes
the general pooled estimand in Equation (1) to the six-class trajectory mixture used in those experiments.
Let gp denote the total probability assigned to the two bidirectional classes. The two stable classes each
have probability 0.10, the upward-only and downward-only classes each have probability (0.80 — ¢gg)/2,
and the two bidirectional classes each have probability gg/2. Let Ag = E(6; | U) — E(6; | D) denote the
difference in mean state responses between the upward-only and downward-only classes. For this finite

trajectory mixture, the pooled population projection is

A
Gpoo = 9+ = k(45). 2)

where
12 -35q5 +25¢%

12 +85q5 — 75¢%

«(qB) = 3)

The multiplier is specific to this trajectory mixture and weighting scheme. It maps the trajectory-class
difference in mean state responses into the population coefficient implied by the pooled common-slope
specification.

For the baseline mixture with gg = .10, x(.10) = 35/79 =~ .44304. When Ay = .25 and ¢ = 0, the

pooled population target is

. 2535

¢p001 = 7% = 05538



When Ay = 1, the corresponding target is

o' =¢+.22152.

pool —

For designs that vary g g, Equation (2) gives the corresponding population target at each support level.

Section E examines the finite-sample behavior of the pooled and HSR estimators around these benchmarks.

C. Bidirectional Support and Global Identification

C.1. Proof of the bidirectional-support result
Let d; denote individual i’s signed-change vector and let a; = |d;| elementwise. For a symmetric positive-
definite weighting matrix W;, the weighted residual sum of squares from projecting a; on d; is

(a/W;d;)?

wi(W;) = a;W;a; — aWd
i Vi

“4)

For an individual with no change in X, set w;(W;) = 0. For r, s € RTi~!, define the weighted inner product

(r, s)w, = r'W;s. By the Cauchy—Schwarz inequality under this inner product,
(ajW;d;)* < (aW;a;) (A W;d,),

so w;(W;) > 0, with equality if and only if a; and d; are linearly dependent.

Suppose a; = cd; for some scalar c. For every positive nonzero AX;;, the equality |AX;;| = cAX;;
requires ¢ = 1. For every negative nonzero AXj;, it requires ¢ = —1. A common c therefore exists if and only
if all nonzero changes have the same sign. Conversely, when all nonzero changes are positive, a; = d;; when
all are negative, a; = —d;. Hence

Wi(Wi) >0
if and only if individual i has at least one positive and at least one negative nonzero change. The support

condition is therefore invariant to the choice of symmetric positive-definite weighting matrix.

C.2. Identity-weighted closed form

Under identity weighting, define

St= ) (AXi)h  Si= D (AXa)

t:AX;; >0 t:AX;; <0



Here S} and S; measure the total squared movement in the positive and negative directions, respectively.

Because taking absolute values does not change squared magnitudes,

’ —~A’4d. — Qt -
a;a; =d;d; =57 +5;,

while

a;di = Sl+ - SL_,

since positive changes contribute (AX;,)? to the inner product and negative changes contribute —(AX;,)?.

Substituting these expressions into Equation (4) gives

(St -5;)?

(D) =(St+8§7)— L "i7

Wl() (l+l) Sl++Sl_
_ 45S-
St+S;

Equivalently,

=S+ |1 SE-Siy’
wi(l) = (87 +S7) _(S:'-I-—Sl_) .

This representation separates two features of the trajectory. The term S + S, measures the total amount of
squared movement, while (ST — S7)/(S7 + S;) measures directional imbalance. Thus, support increases
with the overall amount of movement but is reduced when that movement is concentrated in one direction.
For fixed S + S;, support is maximized when S} = §7 and equals zero when either ST = 0 or S; = 0. For
binary X, ST and S; reduce to the numbers of entries and exits, respectively. The relevant within-person
support therefore depends not simply on the number of transitions, but on how much movement occurs in

both directions within the same individual.

C.3. Global rank with period effects

The preceding results characterize whether an individual’s trajectory contains absolute-change variation that
is distinguishable from that individual’s signed changes. This within-person bidirectional support is necessary
for identifying a common path response when the state response is unrestricted across individuals. In the full
panel model, however, it is not sufficient: common period effects may absorb the residual absolute-change
variation that remains after individual-specific state responses have been removed.

To see this, stack the first-difference equation across individuals and periods as

y=Dd +7Z6 + ¢a + u,



where D contains period-difference indicators, Z is a block matrix whose ith individual-slope column contains

AX;; for individual i and zero elsewhere, and a stacks |AXj;|. Let

A=[D,Z]

collect the nuisance regressors consisting of the common period effects and individual-specific signed-change

terms. Under weighted least squares with symmetric positive-definite W, define the weighted residual-maker
MY =1-AAWA)"A'W,

where ()~ denotes a generalized inverse when nuisance columns are redundant.
By the Frisch—-Waugh—-Lovell theorem (Frisch and Waugh 1933; Lovell 1963), the common path
response ¢ is identified from the component of a that remains after projection on the nuisance space spanned

by D and Z. Hence ¢ is identified if and only if

aWMYa>0 (5)

Equation (5) is equivalently a requirement that a not lie entirely in the column span of [D, Z]. The quantity
a’WMXVa is therefore the weighted residual variation in absolute-change variation after removing both
individual-specific signed-change responses and common period effects.

Within-person bidirectionality is necessary for this condition. If no individual moves in both
directions, each individual’s absolute-change vector is proportional to that individual’s signed-change vector,
so a is absorbed by Z. Bidirectionality is not sufficient, however, because residual absolute-change variation
may itself follow a pattern that is common across individuals and can therefore be absorbed by D. Thus global
identification depends not only on whether individuals reverse direction, but also on how those reversals are

distributed across periods and across individuals.

Table S1: Illustrative global-rank designs

Design N T Bidirectional share Residual variation Identified?
Two waves: up/down movers 200 2 0.00 0.0 No
All same 0-1-0 reversal 200 3 1.00 0.0 No
Half 0-1-0, half stayers 200 3 0.50 100.0 Yes
All reversers, two timing cohorts 200 4 1.00 0.0 No
All reversers, three timing cohorts 300 6 1.00 155.6  Yes

Note: “Residual variation” is the residual sum of squares a’M4a under identity weighting in the diagnostic designs. The
numerical values are scale-specific; the relevant distinction for rank is zero versus positive residual variation.



Table S1 illustrates why bidirectionality and global identification must be distinguished. Two-wave
panels have no within-person bidirectional support, and even universal reversal can fail to identify ¢ when the
remaining absolute-change pattern is absorbed by period effects. Reversers observed alongside stayers or
sufficiently varied reversal timing can instead leave positive residual variation; staggering by itself need not

do so.

D. Causal Estimands and Heterogeneous Path Responses

D.1. Potential-outcome interpretation

The results in the main manuscript concern parameterization, projection, and statistical identification. A causal
interpretation requires additional assumptions about longitudinal exposure histories. Let X; = (xq,...,X;)
denote a feasible exposure history and let Y;;(X;) denote the potential outcome for individual i at time
t under that history (Robins 1986; Rubin 1974). Let m; (x;) = E[Y;;(X;)] denote the corresponding

individual-specific mean potential outcome, and define total movement under the history as

1

Vi(®) = ) s = x5l

s=2

An individual-level causal analogue of the state—path model is
mie (%) = ;i + A + 0ix; + Vi (). (6)

Equation (6) is a strong history-reduction restriction: the exposure trajectory affects the mean potential
outcome only through its endpoint and total movement.

For two feasible histories with the same endpoint but different total movement,
mis (X;) — mit(f;) = ¢; [Vt(ft) -Vi (f;)] .

Thus, within the maintained history-reduction model, ¢; = 0 means that equal-endpoint histories do not
differ in mean potential outcome solely because one contains more total movement. For a simple loop
X — x +d — x relative to remaining at x, the model-implied loop effect is 2|d|¢;; for binary X, a0 — 1 — 0
or 1 — 0 — 1 loop has effect 2¢;.

Three objects should be distinguished. First, ¢; is an individual response-function parameter under
Equation (6). Second, E(¢;) is an unconditional target-population average. Third, the conventional pooled

asymmetric coefficient is a design-dependent projection and, under heterogeneous state responses, can



additionally contain the mover-composition term characterized in the main text and Section B. These objects
coincide only under additional homogeneity or comparability restrictions.

A causal interpretation further requires consistency and well-defined exposure histories, an appropriate
no-interference condition or explicit interference model, correct specification of the state—total-movement
history reduction, and an exogeneity condition sufficient for the chosen estimator (Hern4dn and Robins 2020;
Morgan and Winship 2015). Fixed effects do not remove time-varying confounding, and bidirectional
support does not render reversers conditionally exchangeable. The heterogeneous-state-response specification

addresses the narrower problem of stable heterogeneity in the response to current state.

D.2. Heterogeneous path responses

The heterogeneous-state-response specification in the main text leaves 6; unrestricted while maintaining a
common path response ¢. To characterize the estimand when path responses also vary across individuals,
consider

Yii =a; + 4 + 0, Xis + ¢;Vir + €51 (7N

Under Equation (7), first consider the period-adjusted first-difference formulation in which the
common period effects are known or have already been removed from the differenced outcome. For individual
i, let

di = (AXiz, ey AXﬂ‘i),, a; = (lAXizl, ey |AXiTi |),,

and let y; denote the corresponding vector of period-adjusted outcome changes. Then

yi = 0id; + ¢ia; +u;.

Under identity weighting, for individuals with d; # 0, define

M; =1 -d;(dd,)"'d..

For individuals with no change in X, set the support contribution defined below equal to zero. Because

M;d; = 0, partialling out the individual-specific state response gives

Miy; = ¢;iM;a; + M;u;.

Define individual i’s residual support by

w; = a;Mia,-.



As established in Section C, w; > 0 if and only if the observed trajectory contains movement in both directions.
Thus the same bidirectional histories that identify a common path response when ¢; = ¢ determine which
individual path responses contribute when ¢; is heterogeneous.

Suppose

E(a;M,-ui) =0
and E(w;) > 0. The probability limit of the pooled residual regression is then

Giisw = —Eé:vf) 3 ®)
The heterogeneous-state-response estimator therefore targets a support-weighted average of individual
path responses, with greater weight placed on trajectories containing more residual bidirectional variation.
Individual-specific state responses 6; do not enter this estimand because they have been partialled out before
the common path response is estimated. The resulting target need not equal the unconditional population
average E(¢;): individuals without bidirectional support receive zero weight, and the remaining weights
depend on the geometry of their observed trajectories.

The first-difference derivation and the equivalent levels implementation classify the same trajectories
as having zero or positive direct support. In levels, the individual intercept and current state are treated
as nuisance components; after differencing, the intercept disappears, current-state change becomes signed
change, and change in total movement becomes absolute change. Thus a trajectory whose total movement is
completely absorbed by the individual intercept and current state in levels is also one whose absolute changes
are completely absorbed by signed changes after differencing, and conversely. The two implementations
therefore encode the same bidirectionality criterion used in Section C.

Equation (8) is exact for the period-adjusted formulation under identity weighting. The corresponding
weighted version replaces w; by a; WiM(‘g/"ai. When common period effects are instead estimated jointly
from the same panel, the target is more generally the coefficient from the global Frisch—Waugh—Lovell
projection after period indicators and individual-specific state responses are partialled out. That estimand
remains support- and design-dependent but need not reduce to the scalar-weighted average in Equation (8).
Generalizing from either supported target to an unconditional average such as E(¢;) therefore requires

additional assumptions.



E. Monte Carlo Design and Full Results

This section provides the simulation design and numerical results underlying the Monte Carlo findings

summarized in the main manuscript. Section B gives the corresponding analytic pooled targets.

E.1. Design and estimation

All main experiments use six waves and binary X, with trajectory templates

So = (0,0,0,0,0,0), Sy =(1,1,1,1,1,1),
U=(0,0,0,1,1,1), D =(1,1,1,0,0,0),
Rup = (0,0,1,1,0,0), Ropu = (1,1,0,0,1,1).

The stable trajectories Sy and S; each have probability 0.10. If gp is the total bidirectional share, U and D
each have probability (0.80 — ¢g)/2, while Ryyp and Rpy each have probability ¢ /2.

Outcomes are generated from

Yir =a; + A4 + 0, Xis + ¢Vir + €1,

where a; ~ N(0, 1), €; ~ N(0,0.5%), and A, increases linearly from zero to .10. Unless otherwise stated, 6;
has standard deviation 0.25 around a trajectory-class-specific mean. The pooled estimator imposes a common
current-state response; HSR partials out an individual-specific current-state response before estimating the
common path response. Both specifications include individual and period effects.

Inference uses individual-clustered sandwich covariance matrices multiplied by G/(G — 1) and tG_{
critical values, where G is the number of individuals. Across Tables S2-S4, “Mean” is the Monte Carlo
mean of ¢, “Bias” is its difference from the data-generating ¢, “Emp. SD” is its across-replication standard
deviation, “Mean SE” is the mean reported standard error, “Coverage” is nominal 95 percent interval coverage,

and “Reject 0.05” is the rejection rate for Hy : ¢ = 0 at 0.05 levels when reported.

E.2. Experiment 1: spurious asymmetry as sample size increases

The true path response is zero, gp = 0.10, and mean 6; is 1.625 for upward-only movers, 1.375 for downward-
only movers, and 1.5 for the remaining classes. Each sample-size cell uses 1,000 replications. Table S2
reports the full results for Experiment 1. The pooled mean approaches the nonzero analytic target as N grows,
while HSR remains centered near zero; the rejection rates summarized in main-text Figure 2 appear in the

table’s final column.
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Table S2: Spurious asymmetry and sample size

N Estimator Mean Bias Emp. SD Mean SE Coverage Reject .05

250  Pooled 0536  .0536 .0517 0514 .826 174
250 HSR -.0030 -.0030 .0580 .0570 939 .061
500  Pooled 0537  .0537 .0362 .0365 .690 310
500 HSR -0015 -.0015 .0406 .0409 951 .049
1,000  Pooled 0548  .0548 .0262 .0258 434 .566
1,000 HSR -.0001 -.0001 .0293 .0288 .945 .055
2,500  Pooled 0554  .0554 .0161 .0163 .070 930
2,500 HSR .0003  .0003 .0175 .0183 964 .036
5,000  Pooled 0554  .0554 .0113 0115 .003 .997
5,000 HSR .0006  .0006 .0127 .0130 .965 .035

Note: qp =0.10, ¢ = 0, and SD(6;) = 0.25 within trajectory class. Each cell contains 1,000 replications. The analytic pooled
target is .05538 (Section B).

E.3. Experiment 2: recovering path responses

Here N = 1,000, gp = 0.10, mean 6; is 2 for upward-only movers, 1 for downward-only movers, and 1.5 for
the remaining classes, and ¢ € {0, 0.25,0.50,0.75}. Each cell uses 1,000 replications. Table S3 reports the
full results for Experiment 2. The pooled estimates display the analytic displacement, whereas HSR tracks

the data-generating path response with negligible bias and coverage between 0.943 and 0.952.

Table S3: Recovery of path responses

True ¢ Estimator Mean Bias Emp. SD Mean SE Coverage

0.00  Pooled 2207 2207 .0311 .0304 .000
0.00 HSR -.0001 -.0001 .0301 .0289 947
0.25  Pooled 4724 2224 .0303 .0305 .000
0.25 HSR 2511 .0011 .0295 .0289 .945
0.50  Pooled 7220 2220 .0305 .0305 .000
0.50 HSR 4995 -.0005 .0294 .0290 952
0.75  Pooled 9717 2217 .0309 .0304 .000
0.75 HSR 7506 .0006 .0295 .0289 .943

Note: N = 1,000, gg = 0.10, and SD(6;) = 0.25 within trajectory class. Each cell contains 1,000 replications. The analytic
pooled target is ¢ + .22152 (Section B).

E.4. Experiment 3: amount of bidirectional support

The true ¢ = 0.50, N = 1,000, and mean 6; differs by one unit between upward-only and downward-only
movers. Each support cell uses 5,000 replications. Table S4 reports the full results for Experiment 3. HSR
remains essentially unbiased as gp varies, while its empirical standard deviation declines from 0.0853 at
g = 0.01t0 0.0196 at g = 0.40; the coverage pattern summarized in the main text appears in the table’s

final column.
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Table S4: Bidirectional support, bias, and precision

gp Estimator Mean Bias Emp. SD Mean SE  Coverage

.010  Pooled 9534 4534 .0355 .0349 .000
.010 HSR 4993 -.0007 .0853 .0759 901
.025  Pooled .8950  .3950 .0357 .0353 .000
.025 HSR 4993 -.0007 .0532 .0514 .939
.050  Pooled 8207  .3207 .0339 .0341 .000
.050 HSR 4996  -.0004 .0387 .0382 .947
.100  Pooled Jg216 2216 .0305 .0304 .000
.100 HSR 4998 -.0002 .0293 .0289 944
200 Pooled 6157 1157 .0248 .0250 .003
.200 HSR 5005 .0005 .0227 .0228 953
400  Pooled 5292 .0292 .0206 .0203 .696
400 HSR 5001 .0001 .0196 .0192 .945

Note: N = 1,000, ¢ = .50, and SD(6;) = .25 within trajectory class. Each support cell contains 5,000 replications.

E.S. Efficiency benchmark when the pooled restriction is correct

For the benchmark summarized in the main text, ¢ = 0.50 and the mean state response is 1.5 in every

trajectory class. One design sets 6; = 1.5 for all individuals; a second allows 6; ~ N (1.5, .25%) independently

of trajectory type. Each support cell uses N = 1,000 and 5,000 replications. Both estimators remain centered

on the true path response.

At 1 percent bidirectional support, the HSR empirical standard deviation is 2.74 times that of the

—e— Common §; (6;=1.5)
—m— Heterogeneous 6, independent of trajectory type
~~~~~~ Equal sampling variability
2.5
-]
k]
8
&
[a) -
5 20
2
4]
%
[a]
7]
15 +
1.0

1% 2.5% 5% 10% 20% 40%

Share of individuals with bidirectional histories

Figure S1: Efficiency of the heterogeneous-state-response estimator when the pooled restriction is correct
Note: The horizontal axis reports g on a logarithmic scale. The vertical axis reports SD(¢usr)/ SD(épooled); values
above one indicate greater sampling variability under HSR. The solid series sets 6; = 1.5 for all individuals, whereas the
dashed series allows 6; ~ N(1.5,.252) independently of trajectory type. Each point summarizes 5,000 replications with
N = 1,000 and ¢ = .50.
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correctly specified pooled estimator; the ratio falls to 1.38 at 5 percent, 1.05 at 20 percent, and approximately

one at 40 percent. Figure S1 displays the complete support grid used for this benchmark.

E.6. Negative-control check

As a negative control, I varied SD(6;) from O to 1 while holding its mean at 1.5 in every trajectory class,
with ¢ = 0, N = 1,000, and gp = 0.10. Across the four designs, pooled mean estimates ranged from 0.0010
to 0.0015 and HSR means from —0.0003 to 0.0017. Thus state-response heterogeneity by itself does not
generate pooled asymmetry when it is unrelated to directional history. Full cell-level output is included in the

replication archive.

F. Allison Wage Replication, Support Audit, and Implementation

This section documents the Allison wage reanalysis summarized in the main manuscript: replication of
the original asymmetric specification, additional support diagnostics and a stronger slope-heterogeneity

sensitivity, a design-matched inference check, and implementation details.

F.1. Replication and empirical specifications

The illustration uses 1,134 respondents observed annually from 1983 through 1987. The outcome is log hourly
wage, and the time-varying predictors are marital status M;,, urban residence U;;, and years of education E;;.
There are 4,536 adjacent-wave first differences, including 324 entries into marriage and 117 exits. Education
changes only upward.

The focal HSR specification used in the reanalysis is

Yie = @i + A + O My + oV + 0uUsy + oy VY + vEi; + €.

The corresponding pooled state—path specification imposes the additional restriction 6;3; = 6, for all
respondents. The focal HSR specification leaves 63, unrestricted while retaining a common urban-state
response . The stronger sensitivity additionally allows the current urban-residence response to vary across
individuals, replacing 8y with 6;y. The marital and urban path responses remain common in all specifications.
Table S5 verifies the original directional point estimates.! The reproduced coefficients agree with Allison’s

published values to rounding.

Allison’s first-difference GLS uses a working covariance matrix with correlation —0.5 between adjacent differences and zero
correlation otherwise; its common scale factor does not affect the coefficients. Under this working covariance, the constrained
first-difference GLS point estimates are numerically equivalent to the corresponding two-way fixed-effects specification in levels
(Wooldridge 2010).
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Table S5: Replication of Allison’s asymmetric wage coefficients

Parameter Allison Replication Reanalysis SE
Marriage entry 0.032 0.03206 0.02293
Marriage exit -0.067 —-0.06732 0.04788
Education change  0.056 0.05606 0.01573
Urban entry 0.081 0.08155 0.03451
Urban exit -0.080  -0.08002 0.03621

Note: Allison estimates are from Allison (2019, Table 8, p. 8). “Replication” reproduces the fully constrained GLS point
estimates; “Reanalysis SE” gives the respondent-clustered standard error from the equivalent levels representation used in the
present analysis. The additional decimal places in the replication column are retained to document numerical reproduction of
Allison’s estimates.

F.2. Support diagnostics and HSR estimates

Table 1 in the main text reports the marital-status trajectory counts together with the pooled and focal HSR
estimates. Table S6 adds the additional slope-heterogeneity sensitivity in which both the marriage and urban
current-state responses are heterogeneous and reports diagnostics describing the identifying support under
the two HSR specifications.

The 61 respondents observed moving in both marital directions supply the direct within-person
separation available to the focal marriage-HSR specification. Before the common-period projection, allowing
the urban state response to vary as well reduces the number with positive direct support from 61 to 54. The
global rank condition remains satisfied in both specifications, although the residual support is concentrated in

a relatively small set of dynamic marital histories.

Table S6: Additional HSR specification and support diagnostics

Marriage HSR ~ Marriage + urban HSR

Marriage path estimate, ¢y, —-0.026 —-0.049

SE 0.034 0.035
95% CI [-0.092, 0.040] [-0.117, 0.019]
Positive direct within-person support 61 54
Global residual variation, a’M4a 183.83 154.09
Share accounted for by top 10 contributors 0.229 0.263

Note: The focal Marriage HSR estimate is repeated from the main-text empirical table only to
provide a benchmark for the stronger sensitivity specification. Both specifications use the same 1,134
respondents and include individual and period effects, a common education coefficient, and common
marital and urban path responses. The Marriage HSR specification allows only the current-marriage
response to vary across respondents; Marriage + urban HSR also allows the current urban-residence
response to vary. The 61 bidirectional respondents contribute 66 marriage entries and 65 exits.
“Positive direct within-person support” counts respondents whose marital total-movement regressor
retains residual variation after removing the individual-specific nuisance slopes and before projecting
out common period effects. Global residual variation is the quadratic form entering the full rank
condition. The final row reports the share of the squared final residualized path regressor accounted
for by the ten largest respondent-level contributors. Inference follows the respondent-clustered
convention documented in Section F.3.

14



F.3. Implementation of the heterogeneous-state-response estimator

For a general linear panel with additional common-slope controls C;;, write

Yi, =q; + /lt + HiXiz + ¢Vit + ’Y’Cit + €;;.

The HSR specification can be viewed as a fixed-effects individual-slope model in which the current-state
response is allowed to vary across individuals. Using the fixed-effects individual-slope (FEIS) residualization
logic of Riittenauer and Ludwig (2023), the individual intercept and state response, («;, 6;), can be partialled
out jointly. The analyses here implement this transformation directly using the following Frisch—-Waugh—Lovell
procedure:

1. For each individual, residualize Y, V, every common-slope control, and the period indicators on [1, X;].

2. Stack these residuals across individuals.

3. Residualize the transformed Y, V, and controls on the transformed period indicators.

4. Regress the remaining transformed outcome on transformed V and the transformed controls.

5. Conduct inference allowing for repeated observations within individuals.

With multiple individual-specific state responses, replace [ 1, X;] in the first step with the corresponding

set of state regressors.” The individual-specific state slopes are nuisance parameters: their role is to remove
from total movement the component that can be represented by stable person-specific current-state responses

before estimating the common path response.

ZFor the empirical application in this study, I use respondent-clustered sandwich variance estimates, \73\1(/?) = % %@rcm (B),
where G is the number of respondents, nqps is the number of person-wave observations, and k is the number of common-regressor
columns in the final residualized regression. Individual intercepts and individual-specific state-response slopes are partialled out
before this regression and are not included in k. Reported empirical confidence intervals use the normal critical value 1.96. The main

Monte Carlo experiments instead apply only the G/(G — 1) correction and use #G- critical values.
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